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Heat Diffusion Equation in Spherical Coordinate System

» Let us consider a small element of a sphere as shown in Fig. 1 in which heat
flows in all three directions r, 6, and ¢ as shown in Fig. below;

Coordinates:
Heat Transfer:
Heat Flux (q=Q/A)

Thickness:

r ; 0 ; )
Qr : Q9 : Q¢
ar : qo : q¢9

dr ; rdo ; rsind do
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Heat Diffusion Equation in Spherical Coordinate System

» Energy balance for the small element is obtained from the First

law of Thermodynamics.

(Net heat conducted into the element in dr, rd6, rsinfde per unit

time 1) + (Internal heat generated per unit time 1)

= (Increase In internal energy per unit time 111) + (work done by

element per unit time 1V)

» The IV term Is small because the work done by the element due

to change in temperature in neglected.

Qin— Qout + Qgen. = Rate of change in Internal Energy



Heat Diffusion Equation in Spherical Coordinate System

(Qr +Qy +Q,) = (Qrrar + Qg + Q,0,) + (Qgen.) = ch—T

(Q +Qp+Q,) — (Qroar +Qprap + Qyua) + (QgeN.) = pvc—Ta(1>

Let

» Q. be the heat flux in “r” direction at face AECG and Q,.4 be the heat flux at r+dr
direction at face BDFH.

» Qg be the heat flux in “0” direction at face ABCD and g, 4, be the heat flux at 6+d6
direction at face EFGH.

» Q,be the heat flux in “¢” direction at face DHCG and Q,.4, be the heat flux at ¢+d¢
direction at face AEBF



Heat Diffusion Equation in Spherical Coordinate System
Now the rate of heat transfer in ‘r’, ‘0’, and ‘¢’ direction is given by:

] oT o
Q, = —k.rz2dé@sin w¢§;Qr+dr =Qr +§(Qr)dr+ .....
Q, = —k.rdr sin 6(1¢%;Q9+d9 :QH—I—%(QH)CI@—I— .....
dT__. _ o
Q, = —k.rdedr rsin6b|¢’Q¢+d¢_Q¢+8¢(Q¢)d¢+ .....

Now by putting all values in Equation (1) we have.

o o o oT
— dr — —— dgo — — do +qQq'''V = pVc——

ar Q) o (QH) o (Q¢) @ +q PVC ——

o _ oT o _ oT
——(—k.r2d@simad¢p——)dr —— (—k.rdr sin &d dé

o oT oT
——(—k.rdeadr dg+qg''"'V = poVc ——

8¢( rsin 98¢) ?d SRRNCE

kdrdadgsineo -2 | r2 2L k.drd6d¢i[sinaj¢£]
or or o6 Yz,

+k.d|_’d6U¢ o 8T) —I—q"'.\/szCaT
sin @ oQ| OP ok




Heat Diffusion Equation in Spherical Coordinate System

Since volume=v=dr.rd0.rsin6d¢, hence by dividing both sides of the above equation by
“k.V”, 1t is obtained that;

1 O > OT 1 i oT
] r —+ ) sSIiNn @ ——
r= 8r[ ar] r<sin @ 86?[ 86?]
S _12 _8 (6T)+q :1_dT (2)
r<-sin“ @ oJo¢ O Kk o dz

This equation is called unsteady state equation for spherical coordinate system.



Heat Conduction Through a Sphere without Internal Generation

- vr Consider a hollow sphere, whose inside and outside radii are r; and rg
respectively.

v Inner and outer surfaces are maintained at temp T} and T} with uni-
form thermal conductivity k.

Elec. analog




Heat Conduction Through a Sphere without Internal Generation

Assume no heat generation, steady state, temperature variation only in radial direction.
From general heat conduction equation;

12. O [r° 8T]+ > 1 i & [Siné?—a_r]

r or or r<siNné@ o6 o6

G+ _12 _a(aT)+q :1_dT_>(3)
r<sin“ @ oJo¢ O K o dz

Hence, equation (3) can be written as in terms of radius “r”;

2 "
T 20T  ¢" _1 aT| _,

_3;*7+r6r+ T a Or




Heat Conduction Through a Sphere without Internal Generation

Now heat conduction equation becomes.

o°T 2 oT _
o2 ' r or
Multiply by r? throughout, we get
2T daT
2 ) —
T 72 + 2r I 0

d (2 dl\ _
(or) -&;(r dr)——ﬂ

d [ ,dT )
P — —_— 0
Hence I ( I



Heat Conduction Through a Sphere without Internal Generation

Integrating the above equation,

dT

2, =
T dr C1

dT _ Ch

dr ~ r2
Integrating again c

T=-224Cy| — O
r i’

—» (6)

— (7)



Heat Conduction Through a Sphere without Internal Generation

Solving for C; and C,

T, - T, T; — To)
(%_;) Cﬂ:ﬂ-‘-;l*é%—;)

T; — T 1 (T; — T
T — 1 0 +(T‘_+_(l 0))
T

>l e S
ro rs

T=3”"'(i'j) G-2) e

T iscalled temperature distribution for hollow sphere.

C, =




Heat Conduction Through a Sphere without Internal Generation

To find heat flow, J

dT o dT’
Q——kA--d—r-—k-4xr g
dr
Q . -;2- = -k41|’ . (ﬂ'
Integrating the above equation
ro 4 To
T
T T;
Q [—1— Ll —ank ()
To Ty
—Q|"=2| = ~4nk (To - T?)
ToTi |
Q - 41Tk1‘07','(7} o= To) e (9)
To — T,




Heat Conduction Through a Sphere without Internal Generation

Thermal resistance for a spheral system is

.. Fo. —5 (10)
Ren. . 4drkror;




Heat Conduction Through a Sphere with Internal Generation

w Letus consider a sphere of radius Rand uniform thermal conductivity
k.

v Consider an elemental ring of radius r and thickness dr. Heat gener-
ated in-dr is Q,.

v« Let us electric current is pass through the sphere causes uniform that
generation within the sphere.

Yt Let the surface temperature of the sphere be T,. Heat generated in the
sphere be ¢""W/m?3.

From general heat conduction equation;

8T 1 8 . 8T
I 8 r risin 8 &6 &6

1 85 oT 1 dT
+ _ | ( y+ 4 . - (1)
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Heat Conduction Through a Sphere with Internal Generation

Since there is steady state conduction in radial direction only with internal heat
generation, all the other terms will become equal to zero. Hence equation (14)

will become;
1 & _,éT., ¢ & _ ,8T. qg"'r’ d_,dl . q"'r

: 3 + =0= - - =0= - +
B L P L g

2 2

=0 — (12)

Integrating the above equation

dT q"r3
Y C
" dr 3k e
dgdul lIlLBgr’dLlng we gEI,
gr. . ig" / /
dr 2
n_2
T &
T s QGA k3 B —eia)
- T




Heat Conduction Through a Sphere with Internal Generation

To find C; and C,
Apply Boundary Cor

s d L
1“&;—0 at r=10
.=l it e R

By first boundary condition
iy =0
Now equatioh 5 becomes,
0.2
T = — qj A + Oy

6k



Heat Conduction Through a Sphere with Internal Generation
apply boundary condition (ii)

mR2
T2=—q6k + Cy
quIRQ

= Ty
Co=Tu+p

Substituting C, and C; in equation (13), we get

"

_ 9 p2_ 2
i § Tw+6k(R r*)

/1

T=T,+%L R’ [1—(;)2] s (14)

At centre temperature ' =T, and 7 = 0

fl/ R2

Lo =
T+6k




Heat Conduction Through a Sphere with Internal Generation

centre temperature 7, is also called Maximum Temperature

qﬂl R2

m =Tw
J I, + 6k

To find wall or surface temperature
Heat generated in the sphere

(Q) acx V X qll/

V .: Volume

—> (15)

4
Q= éwRB .¢" — 6

Heat transfer due to convection on the surface of the sphere

Q=hA(Ty - Tto)

Q =h4nR*(Ty— Teo)

— (17)

21



Heat Conduction Through a Sphere with Internal Generation
Equating equation (16) and (17);

§WR3 . ¢" = 47 R°W(T\w — Teo)
q/NR
booam Podt — (18)
& 3h

where,
T : surface temperature of the sphere.



Conduction Heat Transfer-Class Problems

Example 4.1:

A hollow sphere 10 cm 1.D and 30 Cm O.D of a material having thermal con-
ductivity 50 W/mK is used as a container for a liquid chemical mixture. Its
inner and outer surface temperatures are 300° C and 100° C respectively.
Determine the heat flow rate through the sphere. Also estimate the temper-
ature at a point quarter of the way between inner and outer surface.




Conduction Heat Transfer-Class Problems

Solution
Arrorik(Ty — Tp) (12.5‘5)(0.15)(U.DB)_(E:U)(.’j{J{_}_: 100)
Q= (ro = 1%) - (0.15 = 0.05)
Q = 0.42kW |

The value of r at one-fourth way of inner and outer surface Is

1
r="75m . Temperatureat r=T7.5cm le., 5+z(15-~5) = 7.Hcm

r=Te =) p )4y

T (ro = T4)
i o, Amkriro(Ti — To) _ dmkrri(T — T3)
"' To — T B r—Ty
T = EM(Ta_n)+ﬂ

_0.15 (0.075 — 0.05)

T= 0.075 (0.15 — 0.05)

(100 — 300) + 300 = 200°C




Conduction Heat Transfer-Class Problems
Example 4.2:

The average heat produced by oranges ripening is estimated to be 300 W/m?,
Taking the average size of an orange o be 8 cm and assuming It to be a
spheri with k = 0.15 W/mK, calculate the temperature at the centre of the

orange.
Given:
Q/A = 300 W/m?
D=8cm=008n
R=004m
k=015W/mK
Find:



Conduction Heat Transfer-Class Problems

Solution
We know that,
Q A Volume
A v Area
" x 4/37 R
a 4 R?
Q qlll
A3
3Q
mo_ V9
T = AR
3 x 300

It

———— — —

0.04

Heat generated |q¢” = 2.25 x 10" W/m3




Conduction Heat Transfer-Class Problems

. Temperature at the center of the sphere

qu'z
Tmax = Too + ——
max 00 + 6){1'
2.25 x 107(0.04)?

6 x 0.15

=10+

Tmux = 50°C




Links for Video Lectures

Theory Class:

https://pern.sharepoint.com/sitesstHMFP-MECH-TECH-
2018/Shared%20Documents/General/Recordings/HMFP%20THEORY-20210502 101529-
Meeting%20Recording.mp4?web=1

Lab Session 04:

https://pern.sharepoint.com/sitessfHMFP-MECH-TECH-
2018/Shared%20Documents/General/Recordings/HMFP%20LAB-20210502 123847-
Meeting%20Recording.mp4?web=1
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https://pern.sharepoint.com/sites/HMFP-MECH-TECH-2018/Shared%20Documents/General/Recordings/HMFP%20THEORY-20210502_101529-Meeting%20Recording.mp4?web=1
https://pern.sharepoint.com/sites/HMFP-MECH-TECH-2018/Shared%20Documents/General/Recordings/HMFP%20LAB-20210502_123847-Meeting%20Recording.mp4?web=1




