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Basic Equations to Conduction

Introduction:

>

Conduction is a mode of heat transfer that occurs in solid and fluids when

there is no bulk movement of fluid.

The basic equation for conduction is given by Fourier which states that the
conduction heat transfer in a solid in a particular direction is directly
proportional to the area normal to heat transfer and the temperature gradient in

that direction.

From Fourier law, it is clear that heat transfer has magnitude and direction.



Basic Equations to Conduction

Heat diffusion Equation In Cartesian Coordinate system
(X.,Y,Z Coordinates)

» Let us consider a small element of a cube of sides dx, dy, dz as shown in Fig. 1
in which heat enters from three faces and leaves the object from the other

three faces in X, y and z directions respectively.



Heat diffusion Equation In Cartesian Coordinate system

Fig. 1: Elemental volume for the dimensional heat-conduction analysis in Cartesian coordinates

Coordinates: X ; Y ; Z
Heat Transfer: QX : Qy : Qz
Heat Flux (g=Q/A) gx ; qy ; qz

Thickness: dx ; dy ; dz



Heat diffusion Equation In Cartesian Coordinate system

» Energy balance for the small element is obtained from the First law of

Thermodynamics.

(Net heat conducted into the element in dx dy dz per unit time 1) + (Internal heat

generated per unit time 1)

= (Increase in internal energy per unit time Ill) + (work done by element per unit

time 1V)

» The IV term is small because the work done by the element due to change in

temperature in neglected.

Qin— Qout + Qgen. = Rate of change in Internal Energy

(Qu+Qy +Q.) = (Quuos +Qyuy + Quues) + (Q@eN) =MC =

(Qx -+ Qy + Qz) o (Qx+dx + Qy+dy -+ Qz+dz) + (Qgen) — pVC 2_-2_ — (1)



Heat diffusion Equation In Cartesian Coordinate system

Let

> (g, be the heat flux in “x” direction at face ABCD and q,,4, be the heat flux at
x+dx direction at face A’B’C’D’.

> q, be the heat flux in “y” direction at face ABB’A’ and g4, be the heat flux at
y+dy direction at face DCC’D’.

» (, be the heat flux in “z” direction at face ADD’A’ and q,,4, be the heat flux at
z+dz direction at face BCC’B’.

Now the rate of heat transfer in ‘x’, “y’, and ‘z’ direction is given by:

oT ]

Qx :qxdydz :_kxgdydz
ol

Q, =q,dd, =Kk, a_ydxdz r — (2)
ol

Qz :qzdxdy :_kz dedy)




Heat diffusion Equation In Cartesian Coordinate system

Similarly, the rate of heat transfer in ‘x+dx’, ‘y+dy’, and ‘z+dz’ direction is given
by:

_Q X
Q..o =0, + o G

Qg =Q, + 2d b 5> @3)
oy

Qy
Q,.s, =0, + P

Now by putting Equation (3) in Equation (1) We)have.

Q.+Q,+Q)-(Q,+ 2 Q d,+Q, + 3 rq+52 Ry )+(Qgen.>=pvc%
RN Q 5_T
(8- a)-(C8) s gem)= e



Heat diffusion Equation In Cartesian Coordinate system
Now by putting values of Qx, Qy, and Qz in Equation (4) we have.

0 oT 0 oT 0 oT oT

9k, Cdd, [d, -2 | -k, d.d, d, -] -k, Z-d d, |d, +[q"V]= pvc

%, oT 8, oT 0 oT oT
—|k,—ddd |+—|k —d.d d. |+—|k,.—d.d.d. [+]d'""V |= pvCc—
8x{xax Xyz} ﬁy{yay Xyz} 82{282 Xyz} [q ] P ot

kxdxdydzi{g}-l-kydxdydzg g +kzdxdydzE|:£:|+[q"'_\/]:p\/cg
OX | OX oy | oy ozZ| oz ot

Since k,=k,=k,=k and d,d,d,=V, Hence by dividing equation (5) by k and V;

OX| OX | oy| oy | oz| oz K kK ot

Equation (5) is known as “General Heat conduction Equation in Cartesian
Coordinate System”. Since k/pc is thermal diffusivity and is denoted by a, hence
the above equation becomes;



Heat diffusion Equation In Cartesian Coordinate system

0| oT o|oT o|oT q'| 10T
- - +|—|=———(6)
OX| OX | oy| oy | oz| oz K a OT
If the element is very small then these partial derivatives in equation (6) can be
written as;

o°’T o7 82T Lqr_toer
7 T — — (7)
OX oy’ 82 k «aor
“Thermal diffusivity tells us how fast heat is propagated”. If it is large then, heat

flow takes place quickly with less time.

ThermalConductivity K
ThermalCapacity oo




Heat conduction through a plane wall without internal heat generation (SLAB)

Consider a slab of thickness L in x direction, having uniform thermal conductivity
(k) as shown in Fig. 2.
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Fig. 2: One dimensional heat conduction through a plane wall without internal generation



Heat conduction through a plane wall without internal heat generation (SLAB)

Assumptions:

1. There is no internal generation in the
slab and the sides are at constant
temperature T, and T, at x = 0 x = L
respectively.

2. One dimensional heat conduction, hence
temperature is a function of x only.

3. Energy loss through the edges are
negligible.

From general heat conduction equation (eg. 7), we have;

OT o o g _10T

8
6X2+8y2+622 K 0587_)()

Since there is steady state conduction in x direction only, all the other terms will
become equal to zero. Hence equation (8) will become;



Heat conduction through a plane wall without internal heat generation (SLAB)

o°T d’T
=0=> =0—->(9
OX* dx* ®)
By double integrating equation (9) w.r.t. Xx;
C(;—;F(:Cl =T =Cx+C, — (10)

The boundary conditions are;
T=T; at x=0
T=T, at x=L
By applying boundary condition 1 in equation (10) we have;
T, =C,
By applying boundary condition 2 in equation (10) we have;
Tz _Tl

T,=C,L+T,=C, =

Substituting the values of C, and C, in equation (10), we have;

T :TZ—[T1X+T1—>(11)



Heat conduction through a plane wall without internal heat generation (SLAB)

The above equation is called “temperature equation”. The heat transfer rate in the
slab can be determined from the Fourier law of heat conduction as;

Q:‘kAd_T :k_A(Tl'Tz):(Tl_TZ): ar

L
| oL oA R cana
Equation (12) is known as general heat conduction equation in a plane wall

without internal generation.

— (12)




Heat conduction through a plane wall with internal heat generation (SLAB)

Consider a slab of thickness “L” in “x direction, having uniform thermal
conductivity (k) as shown in Fig. 3.
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Fig. 3: One dimensional heat conduction through a plane wall with internal generation



Heat conduction through a plane wall with internal heat generation (SLAB)
From general heat conduction equation (eq. 7), we have;

2 2 2 i
aT2 +8T2 +aT2+0| :ga_T_>(13)
OX oy 0z K «aor

Assumptions:

1. There is an internal generation in the slab and the sides are at constant
temperature T,, at x = 0 and x = L respectively.

2. One dimensional heat conduction, hence temperature is a function of “x”
only.

3. Energy loss through the edges are negligible.

Since there is steady state conduction in “x” direction only with internal
generation, all the other terms will become equal to zero. Hence equation (13)
will become;



Heat conduction through a plane wall internal heat generation (SLAB)

2 ER] 2 (EY
aTz +q :O:>dT2 +q =0— (14)
_ oox®  k dx K
By double integrating equation (14) w.r.t. X;
dT g 19"

— =" Xx+C,=>T=-=""x*+Cx+C, > (15
dX 1 2 k 1 2 ( )

The boundary conditions are;
T=T, at x=0andx=L
By applying boundary condition 1 in equation (15) we have;
TW = C2
By applying boundary condition 2 in equation (15) we have;
c, =197
2 k
Substituting the values of C, and C, in equation (15), we have;
19"

T-_10" e, lq—Lx+TW:>T:——(L—x)x+TW—>(16)
2 k 2 k 2 k



Heat conduction through a plane wall with internal heat generation (SLAB)

To obtain the maximum temperature which is at the center by putting x = L/2 in
equation(16);

g 2
-I-max:-l-w_|_Eq =
8 Kk

To find out the wall temperature, we know that the heat flow rate for “first half of
the wall” and for “second half of the wall”;

— (17)

Q= q2 AL
We know that the heat transfer by convection on the two faces;
Q=hA(T, -T,)= qz AL = hA(T, —T,) = hATw = hATeo + qz AL
TW=Too+ 3 L — (18)

T,, = Surface or wall temperature.



Conduction Heat Transfer-Class Problems

Example 2.1:

Calculate the rate of heat transfer per unit area through a copper plate of
45mm thick, whose one face Is maintained at 350°C and other face at 50°C.
Take k = 370 W/mK



Conduction Heat Transfer-Class Problems

Given:
Copper plate

Tik\

Tz
—>| 45mm |€—
NAANANAANANANA

T, Rin T

L = 45mm = 0.045m
Ty = 350°C
T, = 50°C

k = 370W/mK

Find:
Rate of heat transfer per unit area 4 = g



Conduction Heat Transfer-Class Problems

Solution
We know that

dT

Q= _kA?E

Q =k(Tx—-T)

A L

~370(50 — 350)
- 0.045

= q = 2.467 x 10° W/m?

|0




Conduction Heat Transfer-Class Problems

Example 2.2:

A plane wall (thermal conductivity = 10.2W/mK) of 100 mm thickness and
area 3m? has steady surface temperature of 170°C. The temperature of other

side is 100°C.

Determine

[. The rate of heat flow across the plane wall.
2. The temperature gradient In the flow direction.



Conduction Heat Transfer-Class Problems

Glven
+ane wall
L = 100 mm = 100 x 1073 m?
A=3m?
Ty =170°C
T, = 100° C
Find
a)Q and b) i

dx



Conduction Heat Transfer-Class Problems

Solution

We know that

1.

dT

Q=-kA- =

Bty [100 s 170]
Q = 2142 kW

In order to find Temperature gradient.

2
dT _ Q _ 21.42 x 1000
dr kA~ 102x3  — —[00K/m
dt
T —T700K/m




Conduction Heat Transfer-Class Problems

Example 2.3:

Calculate the rate of heat loss from a red brick wall of length 5 m, height
4m and thickness 0.25m. The temperature of the inner surface is 110° C

and that of outer surface is 40°C. The thermal conductivity of red brick k =
0.70W/mK.

Calculate also the temperature at an interior point of the wall 20 cm.
distance from the inner wall.

110°C =T, T=7 4¥k=0.70 wimk

T:= 40°c
0.2

0.25

L W P VP G——"

5l



Conduction Heat Transfer-Class Problems

Solution

a) Q=—kA-£i—T-
dz

_ —(0.70)(5 x 4)(40 — 110)
B . 0.25
Q=3920 W

At z = 0.20 m. Temperature at an interior point is

= (Tzle) 4+ T

(40 -110) x 0.20

0.25
= —56 + 110

T = 54°C

b) T

+ 110




Conduction Heat Transfer-Class Problems

Example 2.4:

A plane wall 10 cm thick generates heat at the rate of 4 x 10* W/m?3 when
an electric current is passed through it. The convective heat transfer co-
efficient between each face of the wall and the ambient air is 50 W/mZ2K.

Determine

a. the surface temperature |

b. the maximum air temperature on the wall. Assume the ambient air
temperature to be 20°C and the thermal conductivity of the wall ma-
terial to be 15 W/mK.



Conduction Heat Transfer-Class Problems

Given:
Thickness L = 0.10m
Heat generated ¢ = 4 x 104 W/m’
h=30W/mK
T =20 +273 =293 K
k=15W/mK
Find:

(DTw  (2) Tinax



Conduction Heat Transfer-Class Problems

Solution

Heat conducted with internal heat generation

qIIIL
Surface temperature T, = T + o
oy B X 104 x 0.10
TR 2 % 50
L= 333K
qm L2
Maximum temperature Tpax = Ty + T
4 x 10* x (0.10)?
=333 + X 15

Tmax = 336.3 K




Conduction Heat Transfer-Class Problems
Example 2.5:

A concrete wall of 1m thick is poured with concrete. The hydration of con-

crete generates 150 W/m? heat. If both the surfaces are maintained at 35°C

find the maximum temperature in the wall.
Given:

L=1m
q = 150 W/m?
Tw =35+ 373 =308 K
Find:



Conduction Heat Transfer-Class Problems

Solution

2
Tnax = Tw + q_s%
Thermal conductivity k = 1279 x107° W/mK
(from HMT Data book,)
150(1)2
8 x 1279 X 10-3

Tmax = 322.6 K

Trmax = 308 +




Links for Video Lectures

Theory Class:

https://pern.sharepoint.com/sitesstHMFP-MECH-TECH-
2018/Shared%20Documents/General/Recordings/HMFP%20THEORY-20210419 094847-
Meeting%20Recording.mp4?web=1

Lab Session 02:

https://pern.sharepoint.com/sitessfHMFP-MECH-TECH-
2018/Shared%20Documents/General/Recordings/HMFP%20LAB-20210419 140018-
Meeting%20Recording.mp4?web=1
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https://pern.sharepoint.com/sites/HMFP-MECH-TECH-2018/Shared Documents/General/Recordings/HMFP THEORY-20210419_094847-Meeting Recording.mp4?web=1
https://pern.sharepoint.com/sites/HMFP-MECH-TECH-2018/Shared Documents/General/Recordings/HMFP LAB-20210419_140018-Meeting Recording.mp4?web=1




